In the derived category of the category of modules over a commutative Noetherian ring R, we define, for an ideal a of R, two different types of cohomological dimensions of a complex X in a certain subcategory of the derived category, namely cd (a, X) = sup{cd (a, H ℓ (X)) − ℓ|ℓ ∈ Z} and − inf RΓ a (X), where cd (a, M ) = sup{ℓ ∈ Z|H ℓ a (M ) = 0} for an R-module M . In this paper, it is shown, among other things, that, for any complex X bounded to the left, − inf RΓ a (X) ≤ cd (a, X) and equality holds if indeed H(X) is finitely generated.
Introduction
Let R be a commutative Noetherian ring of finite dimension d and a be an ideal of R. For an R-module M, Γ a (M) is defined to be the submodule of M consisting of all elements of M which are vanished by some power of a. It has been an interesting question to know when H i a (M), the i-th right derived functor of Γ a (−) applied on M, is zero (see [Hu] ). The cohomological dimension of M with respect to a is defined as cd (a, M) = sup{i ∈ Z|H i a (M) = 0}.
In [G] Grothendieck has shown that cd (a, M) has a lower bound and an upper bound depth M and dim M respectively. The cohomological dimension has been studied by several authors. In [Fa] Falting and in [HL] Huneke-Lyubeznik have found several upper bounds for cohomological dimension. In [DNT] , some lower bounds have been obtained.
In section 1, we study the cohomological dimension of a module in more details. We show that for an R-module M, cd (a, M) ≤ cd (a, R/p) for some p ∈ Supp R (M) and equality holds if M is finite (that is finitely generated) and in this case p may be taken from the set of minimal elements of Supp R (M) (Theorem 1.3).
In the derived category D(R), for a complex X, the a-depth of X is defined by the following formula, cf. [I; Section 2]:
depth (a, X) = inf{ℓ ∈ Z|H −ℓ (RHom R (R/a, X)) = 0}.
In [FI; Theorem 2 .1], Foxby and Iyengar have shown that, for any complex X,
In this paper we are specially interested in inf RΓ a (X). It is clear that for an R-module M, − inf RΓ a (M) = cd (a, M) and so by Grothendieck's result, we have − inf RΓ a (M) ≤ dim (M). What is cited is our motivation to study the invariant − inf RΓ a (X). On the other hand, for a complex X bounded to the left, in consistent with the definition of the dimension of X as dim X = sup{dim R H ℓ (X) − ℓ|ℓ ∈ Z}, we may define cohomological dimension of X as cd (a, X) = sup{cd (a, H ℓ (X)) − ℓ|ℓ ∈ Z}. Our purpose is to clarify the relationship between inf RΓ a (X) and cd (a, X).
We first study cd (a, X) in section 2. As cd (a, M) is well behaved when M is a finite module, most results of this section are in the case X has finite homology modules, for example: If X, Y are complexes bounded to the left with finite homology modules then
and we have
Moreover, there are some results which X does not need to have finite homology modules, for example: If X is a bounded to the left complex, then cd (a, X) ≤ cd (a, R) − inf X (see Proposition 2.5).
In section 3, we compare cd (a, X) with − inf RΓ a (X). More precisely, we show that for any bounded to the left complex X the invariant − inf RΓ a (X) has a lower and an upper bounds depth (a, X) and cd (a, X) respectively; and it takes its upper bound when indeed the homology modules of X are finite (see Theorem 3.2 and Theorem 3.3).
Cohomological dimension of a module
In this section, we have a brief look at the cohomological dimension of a module to find some extra properties (see Theorem 1.2) and to give an extension of [DNT; Theorem 2.2] (see Theorem 1.5).
First recall the well-known fact about cd (a, R) which states that (1.0.1) For any R-module M, cd (a, M) ≤ cd (a, R).
The following result will be helpful to remove the finiteness condition on the modules.
Proof. It is well-known that M is equal to the direct limit of its finite submodules. Now the assertion follows from the fact that the local cohomology functor commutes with the direct limit.
The equalities hold by independence theorem on local cohomology and the inequality holds by (1.0.1).
Theorem 1.3. If M is an R-module with finite cohomological dimension with respect to a, then cd (a, M) ≤ cd (a, R/p) for some p ∈ Supp R (M). Moreover, if M is finite, the equality holds and p can be taken from the set, MinSupp R (M), of minimal elements of Supp R (M).
Proof. By Theorem 1.1, there exists a finite submodule K of M such that cd (a, M) ≤ cd (a, K), so it is enough to show the assertion for K. Assume the contrary. There is
. . , n, we eventually get cd (a, K 1 ) ≥ t which is a contradiction.
Let M be finite and so cd (a,
Hence the equality holds. If p does not belong to the set MinSupp R (M) then there exists q ∈ MinSupp R (M) with q ⊂ p. Now by using Lemma 1.2, we have that cd (a, R/p) ≤ cd (a, R/q), that is cd (a, R/q) = cd (a, M), and the claim follows.
The following result is a generalization of [DNT; Theorem 2.2].
Theorem 1.4. Let N and M be R-modules and
Corollary 1.5. Let ϕ : R → S be a ring homomorphism and let M be a finite R-module. Then
If S is faithfully flat then the equality holds.
Proof. By independence theorem H
The final claim is clear.
The following example shows that the finiteness condition on M is not redundant in Theorem 1.4 and second part of Theorem 1.3. Example 1.6. Choose a ring R, a prime ideal p and an ideal a such that a p. We have Supp R (R/p) ⊆ Supp R (E(R/p)), where E(R/p) is the injective envelope of R/p as R-module. We observe that cd (a, E(R/p)) = 0 but 0 < cd (a, R/p).
Cohomological dimension of a complex
An R-complex X is a sequence of R-modules X ℓ and R-linear maps ∂ X ℓ , ℓ ∈ Z,
The module X ℓ is called the module in degree ℓ, and the map ∂ The left derived functor of the tensor product functor of R-complexes is denoted by − ⊗ L R −, and RHom R (−, −) denotes the right derived functor of the homomorphism functor of complexes. We need the next two inequalities for X, Y ∈ D + (R) and Z ∈ D(R).
(
Therefore it is natural to give the following definition:
Definition 2.1. For a complex X ∈ D(R), the a-cohomological dimension of X is defined by cd (a, X) = sup{cd (a, H ℓ (X)) − ℓ|ℓ ∈ Z}.
For an R-module M, this notion agrees with the classical one. Note that cd (a, X) = −∞ if and only if X is homologically trivial. If inf X = −∞ then cd (a, X) = ∞.
To find some extra information about cd (a, X), we also review the notion of the height of an ideal a. If M is an R-module, the M-height of a, denoted by ht (a, M), is defined to be the supremum length of chains p 0 ⊂ p 1 ⊂ · · · ⊂ p n of elements of Supp R M with p n is minimal over a. Thus, when M is finite, we may write ht (a, M) = ht (a, R/p) for some p ∈ Supp R M, and that ht (a, M) = sup{ht (a, R/p)|p ∈ Supp R M}. If M is zero module then ht (a, M) = −∞ by convention. Definition 2.2. For X ∈ D + (R), the X-height of a is defined by ht (a, X) = sup{ht (a, H ℓ (X)) − ℓ|ℓ ∈ Z}. Now we have the following result.
Proof. Consider ℓ ∈ Z such that H ℓ (X) = 0. There exists p ∈ Supp R H ℓ (X) with ht (a, R/p) = ht (a, H ℓ (X)). Thus ht (a, H ℓ (X)) − ℓ ≤ ht (a, R/p) − inf X p which gives a one side inequality.
For the other side, assume p ∈ Supp R X and that ℓ = inf X p . Thus ht (a, R/p) ≤ ht (a, H ℓ (X)). Now the assertion holds.
The following proposition compares the invariants cd (a, X), cd (a, R), dim R X, and ht (a, X).
Proposition 2.4. For X ∈ D + (R) the following hold.
Proof. (a) and (b) are consequences of (1.0.1) and the Grothendieck vanishing theorem on local cohomology. Part (c) follows from the well-known fact that ht (a, N) ≤ cd (a, N) for any finite R-module N.
Proof. We may assume that H(X) = 0. For p ∈ Supp X, take ℓ = inf X p so that p ∈ Supp H ℓ (X). Thus we have cd (a, R/p) − inf X p ≤ cd (a, H ℓ (X)) − ℓ which implies the inequality. Now assume X ∈ D f + (R). Let ℓ ∈ Z such that H ℓ (X) = 0. By Theorem 1.3, cd (a, H ℓ (X))−ℓ = cd (a, R/q)−ℓ, for some q ∈ Supp H ℓ (X), which implies cd (a, H ℓ (X))− ℓ ≤ cd (a, R/q) − inf X q , the result follows.
To prove the first equality, we proceed as follows.
In [A] , Apassov defined the weak annihilator of a complex X ∈ D(R) to be the intersection of the annihilators of all the homology modules of X and denoted by Ann R X.
The following result compares cohomological dimension of X with that of R/Ann R X. It is shown, in particular when
Proof. By using Proposition 2.4, we can choose ℓ ∈ Z such that cd (a, X) = cd (a, H ℓ (X))− ℓ. By Lemma 2.1, cd (a, H ℓ (X)) ≤ cd (a, R/Ann R X). As ℓ ≥ inf X, the right hand side inequality follows.
By Theorem 1.3, cd (a, R/Ann R X) = cd (a, R/p) for some prime ideal p ⊇ Ann R X.
The last inequality follows from Proposition 2.5, which implies the assertion.
The Theorem 2.9 expresses the cohomological dimension of X ⊗ L R Y with the cohomological dimensions of the tensor product of the homology modules of X and Y . But first we bring the following auxiliary result.
Proposition 2.8. If M and N are finite R-modules, then [Fo1; 7.28 and 7.31] , and that, by Proposition 2.5,
and the assertion follows by Theorem 1.3. Fo1; 7.28 and 7.31] . By using [Fo1; 16.28] and Proposition 2.5, the following equalities hold.
Now the assertion holds by iterating the above technique and using Proposition 2.7.
Proof. It follows from Theorem 2.9 and Proposition 2.6.
Cohomological dimension and the right derived section functor
For a complex X ∈ D + (R), RΓ a (X), the right derived section functor with support in V(a) applied to the complex X, has been studied by several authors, e.g. [AJL] , [FI] , [Fo2] , [Fr] , [L] , [Sch] , and [Y] , whom have studied the invariant sup RΓ a (X). In this section we are interested in inf RΓ a (X).
The following result is a new form of [Fo2; Proposition 2.5] and the proof is similar, which H.-B. Foxby clarified to us in a private discussion.
Moreover, the equality holds if
Now we are ready to prove the main result of this section.
Proof. By [Sch; Proposition 3.2] , there is a functorial isomorphism
Hence we have the following.
R H ℓ (X)) + ℓ|ℓ ∈ Z} = − inf{−cd (a, H ℓ (X)) + ℓ|ℓ ∈ Z} = sup{cd (a, H ℓ (X)) − ℓ|ℓ ∈ Z} = cd (a, X).
The inequality follows by Lemma 3.1 and the second equality by [Sch; Proposition 3.2] . Now assume X ∈ D f + (R). Then the inequality becomes equality by Lemma 3.1.
To present the final result we remind the notion of a-depth X, which is denoted by depth (a, X), and defined by depth (a, X) = − sup RHom R (R/a, X).
In [FI; Theorem 2.1], Foxby and Iyengar show that depth (a, X) = − sup RΓ a (X).
Theorem 3.3. Let R be local, X ∈ D + (R) and that depth (a, X) < ∞. Then depth (a, X) ≤ cd (a, X).
Proof. One has depth (a, X) = − sup RΓ a (X) ≤ − inf RΓ a (X) ≤ cd (a, X).
Now the assertion holds.
We end this paper with two questions.
1. For any X ∈ D(R) and p ∈ Supp X we have the inequality of dimensions dim X p + dim R/p ≤ dim X, cf. 
